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Abstract 
The paper deals with the simulation of a concept performing the deformation measurement of a serial robot. The simulation model consist 
of two parts. The one of them is the model of the flexible robot with the flexibility concentrated in its gearboxes and its beams. The other one is 
the model of sensors measuring virtually the flexible deformations of the gearboxes and the arms. The rotary encoders are used for the 
gearboxes and the sensor consisting of the leaser emitter and the photodiodes measures the arms deformation. The deformation of the whole 
structure leads to an undesired error in the end-effector position control. Using this concept of measurement enables the compensation of this 
inaccuracy. The simulation model is used for the optimization of the additional measurement concept. 
 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
 
The machining with industrial robots is an attractive field of interest for the researchers. The robots are able to cover larger 
workspace, have a high movability and the process performing by them has a lower cost in comparison to the traditional 
machines. However, the robotic machining brings many issues which have to be addressed. 
The one is the imperfect dimensions of the robot components which differ from the nominal ones. This phenomenon arises 
during the parts manufacturing and it is common for the robots as well as for the traditional machines. The similar situation is in 
the problem of thermal dilatations of the parts. These problems can be solved by calibration and by the ensuring of the work 
temperatures in the field of the negligible thermal deformations.  
However one problem is more significant for the robots, since their stiffness is lower than the stiffness of the conventional 
machines.  This issue needs a particular attention and the research in this field is rather intensive. 
The way of prediction of the robot deformation is the development of a mathematical model of the flexibility or the direct 
experimental measurement of the deformations.  
The project Advocut [1, 2] has showed several methods for the robots precision enhancement. The main source of the 
compliance represent the gearboxes of the robot, which have been equipped with the rotary sensors of deformation. However the 
flexibility of the arms play a non-negligible role and it has not been considered at all in this project.  
Approaches described in [3, 7, 8, 9, 16] are based on the analytical prediction of the deformation of the robotic structure. The 
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model of the flexibility is assembled, which parameters are experimentally determined. The problem of the deformations 
estimation based on the model is its inaccuracy, moreover, the experimental parameters determination requires a considerable 
effort devoted to a particular robot. 
Another way is the on-line measurement of the tool centre point (TCP) position and its feedback compensation along the 
desired trajectory. Such an approach is presented in [4, 5]. The TCP position is determined using a serial measuring structure 
connected to a robot. The issue limiting this approach is the addition of the errors in the serial measuring structure and its 
connection to a robot represent a movability restriction. Moreover, only the Cartesian position of TCP is measured by the 
structure and there is no information about the orientation of the end-effector. This process has been used for the machine-tools 
only, not for the robots. However, similar approach has been adopted for the parallel-kinematic structure Tricept [6]. Again the 
Cartesian coordinates of the TCP have been measured, not the orientation. This concept shoved positive results in the serial 
production performing by Tricept. However the robot had to produce the first product on which the off-line measurement had 
been performed determining the errors. Afterwards, the compensation have been applied and the production continued with 
enhanced accuracy. Such an approach is appropriate for serial production, but not for a single machining task.  
The connection of the precise stiffness model of the robot with the external position tracking is shoved in Comet project 
[10, 11, 12]. The external tracking system determined the trajectory deviation of the TCP and the compensation of the errors 
have been performed using a pizo-actuated mechanism with limited but fast movability. The work-piece have been attached to 
the piezo-system. 
The project showed remarkable results. Some limitation can be in the restricted workspace dictated by the piezo-mechanism 
movability. Higher accuracy of the TCP measurement can be achieved by redundant tracking systems.  
It is obvious from the abovementioned approaches, that the precise mathematical modelling of the structure in connection 
with the external measurement show the right way how to solve the problem of the robot compliance. A concept of the 
connection of the mathematical model with the external deformation measurement is presented in this paper. Its functionality is 
shown on the simulation results. 
2. The dynamic model 
The robot Mitsubishi RV-6S (Fig. 1.a) has been chosen as a pattern for the mathematical model. The robot consist of seven  
parts (including the fixed base) and has six degrees of freedom. The gearboxes are considered to be flexible as well as the longer 
arms. 
The dynamic model of the robot (Fig. 1.b) has been created using the composite method for the flexible mechanisms [13]. 
The recursive method is based on the system description by two sets of coordinates. One set of them are the traditional relative 
coordinates representing the movement in the joints of the robot. The deformation of the arms is described by the modal 
coordinates. The deformation of the flexible arms is evaluated using their modal shapes of deformation. The modal coordinates 
are then the coefficients of the linear combinations of these shapes.  
Moreover, the flexibility of the gearboxes is considered. The relative coordinates are introduce for the position description of 
the rotors, which are connected to the arms by gearboxes stiffness.  
The resulting structure description is following. The relative coordinates representing the joint rotation are ࢗ ൌ
ሾݍଵǡ ݍଶǡ ݍଷǡ ݍସǡ ݍହǡ ݍ଺ሿ், the modal coordinates describing the deformations are: ࡱ ൌ ሾࢋ૜ǡ ࢋ૞ሿ. The vectors ࢋ૜ and ࢋ૞ representing 
the deformation of the arms 3 and 5. The other arms are considered as rigid because of their dimensions. Finally the coordinates 
ࢗࡹ ൌ ሾݍଵெǡ ݍଶெǡ ݍଷெǡ ݍସெǡ ݍହெǡ ݍ଺ெሿ் represent the position of the motors rotors. 
 
 
 
Fig. 1. (a) Robot Mitsubishi RV-6S; (b) Robot model. 
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Using the recursive formalism for the flexible bodies [13] the final system of equations of motion (EOM) is obtained: 
 
቎
ࡹࡾሺࢗǡ ࡱሻ ࡹࡾࡲሺࢗǡ ࡱሻ ૙
ሺࡹࡾࡲሺࢗǡ ࡱሻሻ் ࡹࡲሺࢗǡ ࡱሻ ૙
૙ ૙ ࡹࡹ
቏ ቎
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ࡱሷ
ࢗࡹሷ 
቏ ൌ ቎
ࡽࡾሺࢗǡ ࢗሶ ǡ ࡱǡ ࡱሶ ǡ ࢗࡹǡ ࢗࡹሶ ሻ
ࡽࡲሺࢗǡ ࢗሶ ǡ ࡱǡ ࡱሶ ǡ ࢗࡹǡ ࢗࡹሶ ሻ
ࡽࡹሺࢗǡ ࢗሶ ǡ ࡱǡ ࡱሶ ǡ ࢗࡹǡ ࢗࡹሶ ሻ
቏   (1) 
 
The symbol ࡹࡾ represents the part of mass matrix related to the „rigid“ motion, ࡹࡲ is the part of the mass matrix representing 
the „flexible“ motion and ࡹࡾࡲ represents the interconnection of them. The symbol ࡹࡹ represents the mass matrix of the rotors. 
The symbols on the right-hand side are the corresponding generalized force vectors.  
With the notation ࢟ ൌ ሾࢗǡ ࡱǡ ࢗࡹሿ், the system (1) can be easily described by: 
 
ࡹ࢟࢟ሷ ൌ ࡽ࢟         (2) 
 
And denoting ࢞૚ ൌ ࢟ and ࢞૛ ൌ ࢟ሶ  the system of differential equations of the first order can be obtained: 
 
ࢄሶ ൌ ൤࢞૚ሶ࢞૛ሶ ൨ ൌ ൤
࢞૛
ࡹ࢟ି૚ࡽ࢟൨       (3) 
 
The model of robot dynamics based on the EOM (3) have been assembled in the Matlab-Simulink environment. The 
parameters of the model had to be estimated according the material of the robot parts and their dimensions. The eigen-modes of 
the flexible arms have been obtained using the FEM analysis. The resulting robot model have been further equipped by a cascade 
control enabling the positioning. The scheme is depicted in Fig. 2. 
Fig. 2. The simulation model. 
 
The model is used for the simulation of the deformations behaviour during some working process of the robot. The measuring 
of the deformation is performed by the virtual laser-photodiode system described in the following section. 
3. Laser detection of the deformations 
The four-quadrant-sensor 4QD (see Fig. 3) is described in this paper. The sensor consists of photodiodes (quadrants) 
A, B, C, D. These quadrants are equal and separated from each other with small gaps. Its operation principle is conversion of the 
light energy to the electrical energy. Photodiodes transform incoming laser beam to the currents Ia, Ib, Ic a Id, afterwards they are 
transform to the relatively voltage levels Va, Vb, Vc a Vd, by the operational amplifier. Voltage level generated on each quadrant is 
proportional equal to the optical energy illuminating its surface [17, 18].  
To illustration the position sensing operation of the sensor, it is assumed that the spot, which is illuminated by laser beam, has 
perfectly circular shape with uniform distribution of power on the 4QD sensor. Generally the laser spot can appear anywhere on 
the sensing area as shown in Fig. 3. The initial position is if x=y=0, then laser falls into the perfect centre of the detector, which 
is the cross point of the two gap lines, then the output currents Ia, Ib, Ic a Id  from all the photodiodes are the same. The spot 
displacement along the x-axis or y-axis of the detector will be detected as a relative change between these four current outputs 
and then removed in the fine tracking control loop. 
These currents are calculated in following manner in order to calculate the so called pointing error, relative to the centre of 
the detector: 
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ܧ௫ ൌ ܭ௫ ሺூೌାூ೏ሻିሺூ್ାூ೎ሻூೌାூ್ାூ೎ାூ೏ ൌ ܭ௫
ሺ௏ೌ ା௏೏ሻିሺ௏್ା௏೎ሻ
௏ೌ ା௏್ା௏೎ା௏೏          (4) 
ܧ௬ ൌ ܭ௬ ሺூೌାூ್ሻିሺூ೎ାூ೏ሻூೌାூ್ାூ೎ାூ೏ ൌ ܭ௬
ሺ௏ೌ ା௏್ሻିሺ௏೎ା௏೏ሻ
௏ೌ ା௏್ା௏೎ା௏೏          (5) 
 
Where Kx and Ky are the correlation coefficient of the x- and y-axis directions respectively. 
 
 
 
Fig. 3. Relative position of the laser spot. 
3.1. Sensor transfer characteristics. 
When using the position sensor, there are several constraints, which must be considered. The Laser spot has to be larger than 
the gap between active areas and smaller than the detector’s active area. Second, the total position range is limited to the size of 
the active area of the sensor. Another problem which have to be considered is that detection range increases with spot size, while 
position resolution decreases. This is because a given movement in a large spot size create a much smaller differential signal than 
the same movement in the smaller beam. The solution of how large the laser beam must be to give a reasonable positional 
resolution with still acceptable measurement range will be done in the future. 
 
3.2. Modeling of the 4QD sensor. 
 
The outputs characteristics of the each sensor quadrants are directly related to the energy of the laser beam that falls on them. 
For the purpose of making the mathematical model of the 4-quadrant detector sensor, two main parts are considered: The first 
part represents the energy of the illuminated area of the each photodiode by incoming laser beam. And the second is the shape of 
the incoming laser beam. In reality the energy of the laser beam is not uniformly distributed over whole illuminated area. For our 
purpose we assuming that the laser beam has uniform intensity distribution, and ideal circular shape spot. The energy of each 
illuminated area is given by the following equations: 
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Where Sa, Sb, Sc, Sd, are the illuminated area of the four quadrants respectively, x and y are the displacements of the spot centre 
and the 4QD centre and r is the radius of the laser beam [19]. The pointing errors Ex and Ey are also calculated using the each 
illuminated area of the four quadrants by following formulas: 
 
ܧ௫ ൌ ܭ௫ ሺூೌାூ೏ሻିሺூ್ାூ೎ሻூೌାூ್ାூ೎ାூ೏ ൌ ܭ௫
ሺௌೌାௌ೏ሻିሺௌ್ାௌ೎ሻ
ௌೌାௌ್ାௌ೎ାௌ೏          (10) 
ܧ௬ ൌ ܭ௬ ሺூೌାூ್ሻିሺூ೎ାூ೏ሻூೌାூ್ାூ೎ାூ೏ ൌ ܭ௬
ሺௌೌାௌ್ሻିሺௌ೎ାௌ೏ሻ
ௌೌାௌ್ାௌ೎ାௌ೏           (11) 
 
If we substitute (6)-(9) to the (10) and (11), we obtain mathematical model of the 4QD sensor which computes the pointing 
errors and the displacement, as follows: 
 
ܧ௫ ൌ ܭ௫ ሺௌೌାௌ೏ሻିሺௌ್ାௌ೎ሻௌೌାௌ್ାௌ೎ାௌ೏ ൌ ܭ௫
ଵ
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ܧ௬ ൌ ܭ௬ ሺௌೌାௌ್ሻିሺௌ೎ାௌ೏ሻௌೌାௌ್ାௌ೎ାௌ೏ ൌ ܭ௬
ଵ
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3.3. Measurement 
 
The parallel structure of the laser beam and sensor frame with the robot arms (Fig. 4) has been chosen as the appropriate 
model for the simulation 
 
 
Fig. 4. The parallel laser concept. 
The measuring method provide the feedback control signal through on-line measurement of the structural deflection of all 
links. This eliminates the necessities of dynamics calculation in the quasi-static manner. For the feedback control system it is 
essential to predict the end-effector tracking and positioning errors caused by the link and transition deflection [14, 15].  
 
 
Fig. 5. The change of the sensor position caused by the deformation. 
 
Before the model of real structure with 3 dimensional sensor will be created, the simulations with 2 dimensional sensor has 
been carried out, measured only x=∆u and y=∆v deflection of each link (Fig. 5), ∆w is relatively smaller and can be neglected. 
Suppose that the link i (i=1, 2, 3,…., n) has small translational displacements (∆u, ∆v, 0) at the tip, it is derived from the theory 
of error perturbation [3], that the end-effector has the positioning errors as follows: 
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Where (dxn, dyn, dzn) represent the robot translational positioning errors in the end effector frame, respectively, and the 
parameters being concerned are related to the nominal kinematics.  
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4. The simulations results 
The models of the robot dynamics and the model of the deformation sensing described above have been connected together in 
the Simulink environment in order to simulate the real experiment of the deformation measurement. The two dimensional PSD 
S1880 from Hamamatsu company has been chosen as a sensing PSD. It has the photosensitive area of 12x12 mm and laser beam 
with 3 mm radius. The end point of the robot’s model has been loaded with force of 100 N pointing vertically down, in the 
negative direction of the global axis z1 (Fig. 1.b). Then the resulting deformations and stabilization in the new equilibrium 
position of the endpoint of the arm 3 and 5 was captured by the sensors and are depicted in Fig. 6. 
 
 
Fig. 6. (a) Endpoint deformation of arm 3; (b) Endpoint deformation of arm 5 
The force is applied in the time 1 s and causes the main deformation of the links in the direction of global axis y1 (link 3) and 
z1 (link 5). It is obvious, that the force excite the vibrations which amplitude is decreasing and finally they are damped out and 
the new equilibrium position is achieved. 
 
5. Conclusion 
The deformations of a robotic structure play a reasonable role if the structure is loaded and the precise position control is 
desired. The paper describes a concept of the additional measurement of the deformations and the possibility of their 
compensation. The flexible gearboxes are usually considered to be the main source of the deformation of the structure leading to 
undesired inaccuracy in position control. However, the flexibility of the links cannot be neglected.  
The dynamic model of the robot has been assembled and introduced in this paper. It has been modelled the flexibility of the 
gearboxes and the links. The model has been equipped with the virtual additional sensors for determination of the elements 
deformations. The simulation results show the behaviour of the deformation in time. The information about them can be further 
used in order to compensate the errors in the TCP position control.  
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